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Scope of Lectures and Anchor Points:
1.Spin-Orbit Interaction
* atomic SOC
» band SOC: dresselhaus and rashba

* symmetries: time reversal, inversion, mirror

2.Berry Phase and Topological Invariant

* two level system
» “graphene” + different mass terms + spin

3.The many Hall effects
* integer ghe and chern #
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My philisophy....
choose simplicity and insight over completeness

Toy Problems:

Day 1:

1) 1d SOC: spin-momentum locking

2) Two level system (Spin Y2 in a magnetic field) and Berry Phase
3) Graphene: dirac points protected by inversion and TR

ay 2:
4) 1d SSH [polyacetylene] model and topological invariant
5) Graphene continued:
» Break inversion: sublattice potential
* Break TR: Haldane mass
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Basics

Basics/Repository
* Pauli Matrices
* Symmetries: Inversion, Mirror, Time Reversal

» Polar vs Axial (pseudo) vector
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Basics

Symmetries:

e Time Reversal
e |nversion
e Mirror



Basics

L Time Reversal (without spin)
Definition:

T:t— —t TR= |H,T|=0

Transformation of various operators under T

TiT =4 TpT ' =—p (TiT~' = —i)rir = i
Tz, )Tt =TihT~+ = —[2,p] = —ih

Te;T™" =¢; Ter T~ = Th(k)T™! = h(—Fk)

K:Complex conjugate



Basics

Definition: ~ Time Reversal (with half integer spin)
T:t——-t TR=|HT)|=0 =T|U) and |¥)

are both eigenvectors with
eigenvalue E

. _inS 2 Kramer's degeneracy: every energy
T'=e€ v K 1° = -1 level is at least doubly degenerate
S , y aeg
Yy

1 = —oy10, KK = —0

- —Z7TO' 0 —1
= (h/2)o v/2 — —10, = ( >

T\ T7" = cjy

Same for dagger operators




Polar vs Axial
vectors

Saturday, May 20, 2017 743 PM

Basics
Polar = “uls:ual' Vectoy 1 Axial = i;gaualo ~eclion
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Inversion = - D - Px¥
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. polar x axial = bolav
MxH="7

axial x axial = axial



3 - 7 Basics
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MirrOr: Z - Mirror O-h(my) L = X P
,“ Lx - L“)z - ¢ P‘j
) L - t - X
i' Y P. P
x LE = X Pj..- L}P‘}L
r— X {_1—-» -L#
_ L
4= 4 by T
2 — -% LZ — Lg
L —T [, — — L,
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Scope of Lectures and Anchor Points:
1.Spin-Orbit Interaction

e atomic SOC

 band SOC: dresselhaus and rashba

* symmetries: time reversal, inversion, mirror

2.Berry Phase and Topological Invariant
* two level system
» graphene

3.Hall effects
* integer ghe and chern #






Spin-Orbit Coupling

magnetic field seen by electron
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When is Spin Orbit coupling large?
What materials?
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Transition Metals

b shell
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Spherical Symmetry

 Wavefunction for atomic orbitals

p(r) = R(r) (0, ¢)
t X

radial part angular part
(spherical Harmonics)

e For the d shell:

Q6O,0) =Y, (0,p) with 1=2 m=0



d Orbitals

* Atomic orbitals are linear combinations of spherical harmonics

D
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Crystal Field Splitting

Spherical Symmetry ... reducedto... Octahedral Symmetry

% "’ degengrate /) 2 J/_J

e, orbitals . :
AN

degenerate d orbitals Ui
d% ’? degenerate W Q
i > fJ

t,. orbitals

Energy




** Omiting the h factor from L.

L =

Ly

2 Angular Momentum
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** Omiting the h factor from L.

L = 2 Angular Momentum

[0 0 0]-iV3 —i) (0 0 =i 0 0
0 0 +i| O 0 0 0 0 [+2v3 —1t
L, = 0 —7 0 0 0 L,=1 +t 0 0 0 0
+iv3 0 0] 0 0 0 —iv/3 0| 0 0
+i 0 0] 0 0 ) \ 0 +i 0] 0 0)
(0 +i 010 0\ — I|d)
—i 0 00 0 | «— |ds)
Orbital basis L= 0 0 010 42 | «— |doy)
0 0 00 0 | «— |d.o2)
N0 0 —2i[0 0 ) — |do )




** Omiting the h factor from L. AtomSOC

t,, Angular Momentum

* When the t,, and e, energy levels are sufficiently split and the filling is d° or less,
we may only consider operators acting in the t,, subspace and can project all
operators into this subspace.

0 0 0 0 0 —i 0 +i 0
Ly=(00 +i | L,=[ 0 0 0 L.=| —i 0 0
0 —i 0 +i 0 0 0 0 0

 Effective L =1 angular momentum

* The components satisfy the negative of the usual commutation relations.

LxL=—iL



Spin-Orbit Coupling

* For t,, orbitals, the effective L= 1 and S = 1/2 combine to total j = 1/2
and j = 3/2.

t 3 N LI B

d < S / j=1/2 rl
t

%€ o N LS

crystal field =302 rr

o

splitting \ - 5?



Spin-Orbit Assisted Mott Insulators

U 55.933 58.933 58.693
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76 190.23 77 i W
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2 4 Oeriuﬁm2 Iriﬁliur;‘l . Ptat]LnL;ml
BCC Crysta | Stru Ctu re 5555555555 [Xelaf ''5d/ 65 [Xelaf ' *5d76s v

Yet....
Sr,CoQO, (Mott Insulator)

Sr,RhO, (metal)
Sr,IrQ, (insulator)




) UHB Mott

""""""" Insulator:
| Sr,CoQ,

LHB

N J ;= 1/2 Mott

LS SOC assisted
ff Mott Insulator:
SrylrO,




Scope of Lectures and Anchor Points:
1.Spin-Orbit Interaction
» atomic SOC
* band SOC: dresselhaus and rashba

* symmetries: time reversal, inversion, mirror

2.Berry Phase and Topological Invariant
* two level system
» graphene

3.Hall effects
* integer ghe and chern #



My philisophy....
choose simplicity and insight over completeness

Toy Problems:
Day 1:

1d SOC: spin-momentum locking

1)
2) Two level system (Spin %2 in a magnetic field) and Berry Phase
3) Graphene: dirac points protected by inversion and TR

ay 2:
4) 1d SSH [polyacetylene] model and topological invariant
5) Graphene continued:
» Break inversion: sublattice potential
e Break TR: Haldane mass

;




Spin-orbit coupling in bands
Example in 1d: spin-momentum locking



2 Spin — momentum coupling
H = P 1 — AN 04 l:)
2m

o 2
s =F
’VE PT o

Each eigenstate is doubly degenerate:
Kramer's degeneracy



A+0

Degeneracy
between up and
down spins is lifted
by SOC

Except at specific
TRIM: time reversal
Invariant momenta_

e.g. p=0
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d (F)

10 'dx(k)

v

J

Eigenvector corresponding

T to lower energy

Eigenvector corresponding

X‘|' to upper energy



o
D S
i
)\ -2 1 1 2 1 3 ka
d k)
s dx(k)
-0.4}

No Winding: hence topologically trivial



Scope of Lectures and Anchor Points:
1.Spin-Orbit Interaction
» atomic SOC
» band SOC: dresselhaus and rashba

* symmetries: time reversal, inversion, mirror

2.Berry Phase and Topological Invariant
* two level system

* graphene|+ mass terms

3.Hall effects
* integer ghe and chern #



Graphene
* topological quantum matter
* quantum criticality at Dirac point
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Energy (eV)
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Graphene Material 2 Honeycomb
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Keal Shace Shucture

Sunday, April 30, 2017 5:45 PM
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 Momentum Space SHucture
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Tight-binding model with nearest neighbor hopping on a honeycomb lattice

: — T Z ( C . + HC) i5 jg @re nearest-neighbor sites,

(i ) ZAO ]BU respectively in sublattice A and B

AJB (colored red and blue) and o is a spin
o= T ;l index that we suppress

A4 L N A4
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Eigenenergies at momentum k

3 3 =
E. = J_r\l 3+Zcos(\/§kya) +4cos(%kya) COS(Ekxa) ( L

]

Dirac nodes at K. = (

41

" 3V3a

Hy =

0
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\hk
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My philisophy....
choose simplicity and insight over completeness

Toy Problems:

Day 1:
1) 1d SOC: spin-momentum locking

2) Two level system (Spin %2 in a magnetic field)land Berry Phase

3) Graphene: dirac points protected by inversion and TR

Day 2:
4) 1d SSH [polyacetylene] model and topological invariant

5) Graphene continued:
» Break inversion: sublattice potential
* Break TR: Haldane mass




2 level system
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Apply to graphene: A —4

Hamiltonian at B =1
momentum k can
be written in | 2 adome M
terms of Pauli | .
: : UJ’Ht C
matrices In

sublattice space

0 hk) T for i=1,2,3
He=|,. 'X|=dag.z GO len
. (hk 0 -z : Pauli matrices
in sublattice
basis

Formally, d(k) in sublattice basis is
analogous to “magnetic field”
acting on spin



j=1
3
dyk)=-t) sin(k-6;)
i=1
d,k)=0
A = +|d|
Ao = —|d|

;2 ad-omc IY\
wnit cell
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Sin Bjp €
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My philisophy....
choose simplicity and insight over completeness

Toy Problems:

Day 1:
1d SOC: spin-momentum locking

1)
2) Two level system (Spin %2 in a magnetic field) and Berry Phase
3) Graphene: dirac points protected by inversion and TR

ay 2:
4) 1d SSH [polyacetylene] model and topological invariant
5) Graphene continued:
» Break inversion: sublattice potential
e Break TR: Haldane mass

;



Dirac points protected by TR and inversion symmetry

Inversion Symmetry Time Reversal Symmetry
(2)
@) | Wavefunction . Wavefunction
5 transforms as 2 transforms as
S . e N\
(&) ° T Yx) - Y(—x) T Y-
e T * *
1 3 * Changes sublattice 4 6 « Complex conjugation
N 7~ g i ¥
- \2/ (A < B) \5/ * Does not change
| | sublattice
Hc=dk) -t dz (k) — —dz(—k) dz (k) - dz(_k)

=> With both inversion and time-reversal symmetry, d,(k) =0
=>» Zeros of d(k) exist (Dirac points)



Proof: TR and | protect Dirac points



The “Full” tight binding Hamiltonian can
be expanded around each “valley”

* Dirac nodes at K, = (i j’f ,0)
3v3a
» Keep only low energy states

* Expand Hy near K, and K

he=—ty e
j

(0
t ! t ! hy

H=) (CK++q,A’ (K. +q,B’ K_+q,A’ CK_+q,B) 0
q

\ 0

0

hg_

0 )

0
hK_+q

0

Y

(CK+ +q?A\
CK+ +q,B
CK_+q,A

\CK_+q,B)



Two independent "“valleys” with Dirac cones

3 i + 0 dx —1qy) [CK, +q,A
S~ —ta (C , C ) ( ) Y +1q,
2 ; Rt @R g +iqy 0 ek, +q,B _
. k
+ (CT cl ) 0 “x—1qy| | K-+q.A
K-+q A" "K-+q.B)|—q, +igq, 0 CK_+q,B

Each block can be written in terms of Pauli matrices in sublattice kI?aSIS -

3 7 —
hK++q — 5?5&(6]337'33 + QyTy) — d—l— (@T T; for i=1,2,3
3 _ : Pauli matrices in sublattice basis
A +q= §ta(—qx7w + qy1y) = d_(q).T
Include valley index Xi  fori=123

: Pauli matrices in valley basis

Hq — th(Qa:Xsz — QyTy)
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T_i_*r_ne veversak
(See motes)

T\nchw‘ - h(-R)

b qeet
h(a‘)] /

= [h('ﬂ] - h(-%)

Check CTLW' Ho point K,
“‘ —y —_
h E‘i:q = h(_k"-"’% )
[’ ( :l- %ﬂ I\ Erom(2)

From (1)

CL,gTi— ctxit‘j @ C[;.?Jﬂ -1- ‘1,17:‘1 —(3)

]

= 0Once we knew Hu v of h(R) mear K+
TR fivee ¥ foom of h(R) at K
From (@)

hLK +‘i‘]) = h( K++CL] :_q’*tm-* CL\aI\J
(&)



What Rind of term com we add +to h (R)

ro Hhat & opens a Ea’au[: wn  Tor s.:zckum
but presower TR Aywm ey
\Cm‘der.
> T+ M
W (2.%9) = "y %
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V' Fresewes TR
Rreaks L
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Dirac points are
protected when
both TR and Inv

dare present

LUngley TR

heg) = [ GRY)
Under 1
hWR) = T, h(F)Tx

— (D

(2)

T o+ E®YT

TTI = %
d.T. + € = ‘51(511;1:14—6)11
- Tz T T + d t,c't ‘Eﬁ
- ‘:d'i - x 3 L .
. T
v dy Ty T_L‘g + € 11} .
; : o +
PGM?_________.““:"“H 1 (I D) = @11: dﬁ -E{J_rd )
ag =0, =9, = i
X ] r 2 ° i @IT—I“"‘:}"A . _d%'tz +@)
TR
Mwm&ﬂ- 'C[_l':._"ﬁlj
Thus Hu Cowbined ochion of TR amd I
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0 h, 0 O CK, +q.4
h* 0 0 O CK++q,B

H = z(CK++qA CK++qB CK_ +q,A CK_ +qB) 0 0 h CK_+q.4 Graphene
! o 0 h, 0/ \K_+qs

where hg = 3% (—qx + i qy)



Break inversion
Sublattice potential

ey

ky

Dirac points |
protected by 4
inversion and time 1
reversal symmetry

(Color: Berry curvature = Berry flux density)



Introduce Dirac mass by breaking symmetry

To introduce “mass” to the Dirac cones,
need to break either inversion or time-reversal symmetry

Potential energy difference
between sublattices

_ b |
0/ Q%AB = MAaR (Z CiACiA ' CiB CiB)
i ip

breaks inversion (and C,

rotation, etc.).
B B This introduces uniform d,(k).

A d, (k) = myp




Graphene

CK,+q,B
_ + + + +14q,
H - Z(CK++(1,A CK++qu CK—+q;A h:l CK_+q’A

q 0 CK_+q,B

With sublattice potential

Inversion Breaking

0 0 id N\

=Y Geas hras A EaA I A

Ki+qA “K;+qB K_+q4 Myp 2 CK_+q,4

q c e
hg  —myup K-+a5 J ]

~ N



, ,
Introduce Dirac mass by breaking symmetry

To introduce “mass” to the Dirac cones,
need to break either inversion or time-reversal symmetry

Next nearest neighbor hopping with
imaginary amplitude

_ s T
A =ily Z c;c;+H.e.
(i, j»

breaks time-reversal symmetry. This
introduces valley dependent d, (k).

d, (k) = mpe,1,
mg= 3\/5/1[{




+
CK+ +q,B

+
CK+ +q,B

+
CK+ +q,B

+
CK_+qA

+
CK_+qA

+
CK_+qA

0 h,
;g O
CI-I(-_ +q,B Oq 0
0 O
Myp hq
h’ Myp
Cl-z_ +q,B ) Oq 0
0 0
my hq
* —my
CI-I(-_ +q,B ) Oq 0
0 0

O CK+ +q,A
O CK+ +q,B
h; CK_+qA
0 CK_+qB

where hg = 3% (—qx + i qy)

CK++q,A
Myp h:; CK_+q,A
c
h, —myp K_+q,B
O 0 CK++q,A
O O CK++q,B
—Mmy q CK_+q,A
c
3V3
where my = TAH

ETh

Graphene

Inversion Breaking

AL

K’
TR Breaking

AR

KJ

ww




With Haldane mass

+ +
H — Z(CK++q,A CK++q,B
q

Kane-Mele:
With Haldane mass Xag?

+
Ck_ +q,A

Y

0 0 CK++q,A == - 2 A
0 0 |[Cki+qsB | "
_mH h’ckl CK_ +q,A & (\ ; ‘ . ,
C | 48 I\ B
hq My K_+q,B f i
33 S )
where my = TAH \

k.(

_ + + + + + + + +
H—z(CK++q,AT CK++q,BT CK_+q,AT CK_+q,BT CK++q,Al CK++q,Bl CK_+q,Al CK_+q,Bl)

q
/mH hy
hy —my
0 0
0 0
“ o o
0 0
0 0
\ 0 0

o O O O

o O O O O O

0 spin P spin |/
0 \ /CK++q,AT\
CK,+q,B1 A :

0 CK_+q,AT . A 2 f
0 CK_+q,B1 ‘ " ‘ " :
0 K, vqal ( ‘ ‘ . { ‘ ‘ i
0 CK,+q,Bl \ . J
hz} \CK_+q,Al/ b _ K

/ CK_+q,Bl
—my
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